It is well-known that the Schur complements of strictly diagonally dominant matrices are strictly diag- In this paper, this result is extended to the block (strictly) diagonally dominant matrices and the generalized block (strictly) diagonally dominant matrices, that is, it is shown that the Schur complement of a block (strictly) diagonally dominant matrix is a block (strictly) diagonally dominant matrix and so is the Schur complement of a generalized block (strictly) diagonally dominant matrix.
Introduction
Recently, the Schur complements of some families of matrices attract researchers' attention and several significant results are proposed. As is shown in [9, 10, 14, 16] , the Schur complements of positive semidefinite matrices are positive semidefinite; the same is true of M-matrices, H -matrices, inverse M-matrices (see, e.g., [16] ), and generalized doubly diagonally dominant matrices (see, e.g., [14] ). Carlson and Markham [9] showed that the Schur complements of strictly diagonally dominant matrices are strictly diagonally dominant. The very property has been repeatedly used for the convergence of the Gauss-Seidel iterations in numerical analysis (see, e.g., [17, p. 58] or [15, p. 508] ). However, there exists a dilemma in practical application. That is, for a large-scale matrix or a matrix which is not (generalized) strictly diagonally dominant, it is very difficult to obtain the property of its Schur complement.
On the other hand, [1, 2] and [3] respectively extended the concept of diagonally dominant matrix and proposed two kinds of block diagonally dominant matrices, i.e., I-block diagonally dominant matrices [1] and II-block diagonally dominant matrices [4] . Later, [4] [5] [6] 8 ] also presented two kinds of generalized block strictly diagonally dominant matrices (I-block H -matrices [5] and II-block H -matrices [4] ) on base of previous work. By the results above, we know that a block diagonally dominant matrix is not always a diagonally dominant matrix (An example is seen [1, (2.6)]). Hence, for some matrices, which are not (strictly) diagonally dominant matrices or generalized (strictly) diagonally dominant matrices, we can study its Schur complement when they are (generalized) block diagonally dominant by proper partitioning of matrix.
In this paper, we propose the concept of the Schur complement on block matrices and study the property on the Schur complement of two kinds of (generalized) block diagonally dominant matrices.
Definitions and lemmas
Now, we give some definitions and lemmas for convenience of presentation and proof. Consider an n × n complex matrix A, which is partitioned as the following form:
where A ll is an n l × n l nonsingular principal submatrix of A, l = 1, 2, . . . , s, s l=1 n l = n. Let C n×n be the set of all n × n complex matrices and C n×n s be the set of all s × s block matrices in C n×n partitioned as (1). Suppose A = (A lm ) s×s ∈ C n×n s , and let N (A) = ( A lm ) s×s denote the norm matrix of block matrix A, where · is some consistent matrix norm. Thus, N(A −1 ) denotes the norm matrix of block matrix A −1 which is partitioned as (1) in throughout the paper. Let A = (a ij ) ∈ C n×n and |A| = (|a ij |) ∈ R n×n denote the norm matrix of A, where | · | is the norm of the complex number a ij . Again, let S = {1, 2, . . . , s} and x T be the transpose of the vector x. Definition 1.1 [1] . Let A = (A lm ) s×s ∈ C n×n s and A ll , l = 1, 2, . . . , s, be nonsingular. If
then A is I-block diagonally dominant (abbreviated I BDD); if the strict inequality in (2) is valid for all l ∈ S, then A is I-block strictly diagonally dominant (abbreviated I BSDD). 
then A is II-block diagonally dominant (abbreviated II BDD); if the strict inequality in (3) is valid for all l ∈ S, then A is II-block strictly diagonally dominant (abbreviated II BSDD). 
then A is I-generalized block diagonally dominant (abbreviated I GBDD); if the strict inequality in (4) is valid for all l ∈ S, then A is I-generalized block strictly diagonally dominant (abbreviated I GBSDD). 
then A is II-generalized block diagonally dominant (abbreviated II GBDD); if strict inequality in (5) is valid for all l ∈ S, then A is II-generalized block strictly diagonally dominant (abbreviated II GBSDD). 
then A is called a I-block H -matrix and a II-block H -matrix, respectively.
is a II-block H -matrix (or I-block H -matrix) if and only if A is II GBSDD (or I GBSDD).
The proof is obtained from [7, Theorems 7.5.14 and 6.23] immediately.
where
are a k × k nonsingular block matrix and an (s − k) × (s − k) block matrix, respectively, 1 k < s; furthermore, the partition (6) does not change the partition of (1). The Schur complement of A 11 in A is defined to be
in which (A 11 ) −1 is partitioned as A 11 .
We denote the set of all s × s II-block (strictly) diagonally dominant matrices, the set of all s × s I-block (strictly) diagonally dominant matrices, the set of all s × s II-generalized block (strictly) diagonally dominant matrices and the set of all s × s I-generalized block (strictly) diagonally dominant matrices by II BDD s (II BSDD s ), I BDD s (I BSDD s ), II GBDD s (II GBSDD s ) and I GBDD s (I GBSDD s ), respectively. Moreover, for arbitrary
On Schur complement of block diagonally dominant matrices
In this section, we present several theorems and properties on Schur complements of block diagonally dominant matrices . For the convenience of proof, several lemmas are firstly introduced. 
Lemma 2.4. Let
where A −1 is partitioned as (1) .
. Then, the principal diagonal blocks of DA ∈ C n×n s are composed of quantity matrices, i.e., A −1 ll
Then N(R) P and ρ(R) < α from Lemma 1.3 and [8, Lemma 2.3] . So
This completes the proof. 
Lemma 2.5. Let
Lemma 2.6 [13] . Let A ∈ C n×n . If A < 1, then I − A is nonsingular and
where I is identity matrix. 
In fact, since A is I BSDD, from Remark 1, A is II BSDD, so is A 11 . Thus, from (10) we have 
Since A is also II BSDD from Remark 1, the strict inequality in (3) is valid for all l ∈ S. Furthermore, from (3) and the structure of B 
In a similar way to Proposition [I] and by (13), we have
Since A is also II BSDD from Remak 1, the strict inequality in (3) is valid for all l ∈ S. Furthermore, from (3) and the structure of B 2 , B 2 is a strictly diagonally dominant matrix and also an M-matrix. Then det B 2 > 0 from [7, Theorem 6.2.3] . Thus,
This complete the proof of (14) .
By (11), Lemma 2.5, Proposition [I] and Proposition [II], we have
which shows that A/A 11 is also I BSDD. Proof. Since for arbitrary constant ε > 0,
from (2), we have 
Thus, A/A 11 is II BSDD from (17) . This completes the proof. Proof. Since for arbitrary constant ε > 0,
From (3) and (18), we have 
On Schur complement of generalized block diagonally dominant matrices
In this section, several theorems and properties on Schur complements of generalized block diagonally dominant matrices are presented on base of Section 2.
Lemma 3.1 [11] . Let A ∈ R n×n partitioned as the following form:
where The proof is similar to the proof of Theorem 2.4.
